Introduction
Interconnection networks have been widely studied recently. The architecture of an interconnection networks is usually denoted as an undirected graph G. A graph G is a triple consisting of a vertex set V (G), an edge set E(G), and a relation that associates with each edge two vertices called its endpoints [18] . Many useful topologies have been proposed to balance performance and cost parameters. Among them, the hypercube Q n is one of the most popular topology and has been studied for parallel networks. Augmented cubes are derivatives of hypercubes (proposed by Choudam and Sunitha [4] ) with good geometric features that retain some favorable properties of the hypercubes (since Q n ⊂ AQ n ), such as vertex symmetry, maximum connectivity, routing and broadcasting procedures with linear time complexity. An n−dimensional augmented cube AQ n can be formed as an extension of Q n by adding some links. For any positive integer n, AQ n is (2n − 1)-regular and (2n − 1)-connected (except n = 3) graph with 2 n vertices. Moreover, AQ n possesses several embeddable properties that the hypercube and its variations do not possess. The main merit of augmented cubes is that their diameters are about half of those of the corresponding hypercubes. A tree T is called a spanning tree of a graph G if V (T ) = V (G). Two spanning trees T 1 and T 2 in G are edge-disjoint if E(T 1 ) ∩ E(T 2 ) = φ. For a given tree T and a given pair of vertices u and v of T , let P T (u, v) be the set of vertices in the unique path between u and v in T . Two spanning trees T 1 and T 2 are internally vertex disjoint if for any pair of vertices u and v of V (G), P T 1 (u, v) ∩ P T 2 (u, v) = {u, v}. Finally, the spanning trees T 1 , T 2 , ......., T k of G are completely independent spanning trees (CISTs for short) if they are pairwise edge-disjoint and internally vertex disjoint. The study of CISTs was due to the early work of Hasunuma [7] , he conjectured that there are k CISTs in any 2k−connected graph. Péterfalvi [16] gave counter example to disprove Hasunuma's conjecture. He showed that there exists a k−connected graph which does not contain two CISTs for each k ≥ 2. Pai et al [14] showed that the results are negative to Hasunuma's conjecture in case of hypercube of dimension n ∈ {10, 12, 14, 20, 22, 24, 26, 28, 30}. Many authors provided a necessary condition of CISTs [1, 2, 5, 9, 12] . For more detail work on CISTs and their diameters see [3, 6, 7, 8, 9, 10, 11, 13, 17, 19] . Constructing CISTs has many applications on interconnection networks such as faulttolerant broadcasting and secure message distribution.In underlying graph of communication networks, we want vertices to be close together to avoid communication delays. Pai and Chang [15] provided a unified approach for constructing two CISTs in several hypercube-variant networks, in particular for an n−dimensional hypercube variant network, the diameters of the constructed CISTs were 2n − 1. They asked about the hypercube variant networks which they studied "how to design algorithms to construct more than two CISTs in high dimensional hypercube-variant networks with smaller diameter?" Motivated by this question, we provide a construction of four CISTs in augmented cube AQ n (n ≥ 6) of which two trees with diameters 2n − 3 and two trees with diameters 2n − 5 are constructed. Also, construction of n − 1 CISTs in augmented cube AQ n for n = 3, 4, 5 is given which pointed out that the Hasunuma's conjecture does hold in the case of AQ n for n = 3, 4, 5. For undefined terminology and notation, see [18] 
Preliminaries
The definition of the n−dimensional augmented cube is stated as the following. Let n ≥ 1 be an integer. The n-dimensional augmented cube, denoted by AQ n , is a graph with 2 n vertices, and each vertex u can be distinctly labeled by an n-bit binary string, u = u 1 u 2 ....u n . AQ 1 is the graph K 2 with vertex set {0, 1}. For n ≥ 2, AQ n can be recursively constructed by two copies of AQ n−1 , denoted by AQ 0 n−1 and AQ 1 n−1 , and by adding 2 n edges between AQ 0 n−1 and AQ 1 n−1 as follows:
n−1 if and only if for every i, 2 ≤ i ≤ n either 1. u i = v i ; in this case an edge u, v is called a hypercube edge and we say v = u h , or 2. u i = v i ; in this case an edge u, v is called a complement edge and we say v = u c . Let 
The following lemma is helpful to visualize edges of AQ n .
Lemma 2.1 ([4]
). Let G be the simple graph with vertex set V (G) = {a 1 a 2 ....a n : a i = 0 or 1} where two vertices A = a 1 a 2 ....a n and B = b 1 b 2 ...b n are joined iff there exists an integer
Construction of CISTs in augmented cubes
We need the following result given in [7] by Hasunuma.
Lemma 3.1 ([7]
). Let k ≥ 2 be an integer, T 1 , T 2 , ......., T k are completely independent spanning trees in a graph G if and only if they are edge-disjoint spanning trees of G and for any v ∈ V (G), there is at most one
Pai and Chang [15] constructed two CISTs in several hypercube-variant networks, they proved the following result.
Lemma 3.2 ([15]
). Let G n be the n−dimensional variant hypercube for n ≥ 4 and suppose that T 1 and T 2 are two CISTs of G n . For i ∈ {1, 2}, let T i be a spanning tree of G n+1 constructed from T 0 i and T 1 i by adding an edge u i , v i ∈ E(G n+1 ) to connect two internal vertices u i ∈ V (T 0 i ) and v i ∈ V (T 1 i ). Then, T 1 and T 2 are two CISTs of G n+1 .
By using the same proof technique of above theorem one can state following corollary.
Corollary 3.3 ( ).
Let G n be the n−dimensional variant hypercube for n ≥ 4 and suppose
Firstly, we list out n − 1 CISTs in AQ n for n = 3, 4. See Fig.2 and Fig.3 .
011(4) 101 (6) 010 (3) 000 (1) 111 (8) 100 (5) 111 (8) 110 (7) 100 (5) 101(6) 011 (4) 001 ( (5) 0111 (8) 1100 (13) 0101 (6) 0110 (7) 0010 (3) 0001 (2) 1010 (11) 1101 (14) 1110 (15) 1011 (12) 1001 (10) 0011 (4) 1000 (9) 1111 (16) 1111 (16) 1011 (12) 1101 (14) 0000 (1) 0111 (8) 0101 (6) 1000 (9) 0011 (4) 1100 (13) 0100 (5) 0001 (2) 0010 (3) 1110 (15) 1001 (10) 0110 (7) 1010 (11) 0110 (7) 0001 (2) 0100 (5) 0111 (8) 1110 (15) 1001 (10) 1111 (16) 1100 (13) 1000 (9) 1011 (12) 1101 (14) 0101 (6) 0010 (3) 0000 (1) 0011(4) 1010(11) Fig.3 . Three CISTs in AQ 4 0000(1)
Note : To make things readable, we denote vertices of AQ 5 by using numbers 1, 2, ....., 32. For example the vertex 00000 will be denoted by 1 and sometime will be written as 00000 (1) . Also, we will use short forms to denote edges of AQ 5 , for example the edge 00000(1), 00001(2) will be denoted by 1, 2 . For every i, InV (T i ) denotes set of internal vertices of the tree 11101 (30) 11100 (29) 10110 (23) 11010 (27) 10101 (22) 10010 (19) 01000 (9) 01010 (11) 11001 (26) 10111 (24) 10011(20) 10001 (18) 11000 (25) 10000 (17) 00000 (1) 01111 (16) 01100 (13) 01101 (14) 01110 (15) 00010 (3) 00001 (2) 00100 (5) 10100 (21) 11011 (28) 00011 (4) 01011 (12) 00110 (7) 00101 (6) 00111 (8) 01001 ( (32) 10010 (19) 11010 (27) 01101 (14) 11110 (31) 10110 (23) 10101 (22) 10001 (18) 00110 (7) 10100(21) 10000 (17) 10011 (20) 11011 (28) 01001 (10) 01110 (15) 01000 (9) 01010 (11) 00001 (2) 00101 (6) 00010(3) 00011 (4) 01011 (12) 01100 (13) 00000 (1) 11100 (29) 00111 (8) 00100 (5) 01111 (16) 10111 (24) 11000(25) Fig. 4(b) . Spanning Tree T 2 in AQ 5 (19) 10101 (22) 10110(23) 10000 (17) 10011 (20) 10111 (24) 00011(4) 11100 (29) 10100 (21) 11000(25) 11101 (30) 11011 (28) 11001 (26) 11010 (27) 11111 (32) 01100 (13) 00100 (5) 01101 (14) 00010 (3) 00101 (6) 01001 (10) 01110 (15) 00001 (2) 00110 (7) 10001 (18) 11110 (31) 01000 (9) 00000 (1) 00111 (8) 01010 (11) 01011 (12) 01111 ( (29) 10000 (17) 00000 (1) 10111 (24) 10110 (23) 11000(25) 01000 (9) 10100 (21) 11101 (30) 00001 (2) 10010 (19) 10011 (20) 11001 (26) 11110 (31) 01010 (11) 00010 (3) 00011 (4) 00110 (7) 00101 (6) 00100 (5) 00111 (8) 11010 (27) 01011 (12) 01001 (10) 01100 (13) 01111 (16) 11011 (28) t t 10001(18) 10101 (22) 01101 (14) 01110(15) Fig. 4(d) . Spanning Tree T 4 in AQ 5
11001(26)
Here, we observe that InV (T 1 ) = {1, 5, 7, 16, 17, 25, 27, 31}, InV (T 2 ) = {2, 4, 8, 10, 21, 23, 26, 30} InV (T 3 ) = {9, 13, 14, 15, 19, 20, 28, 29} InV (T 4 ) = {3, 6, 11, 12, 18, 22, 24, 32} are such that InV (T i ) ∩ InV (T j ) = φ, for i = j and 1 ≤ i, j ≤ 4 Also, observe E (T 1 ) = { 1, 2 , 1, 3 , 1, 5 , 1, 16 , 1, 17 , 4, 5 , 5, 7 , 5, 12 , 5, 21 , 5, 28 , 6, 7 , 7, 8 9 , 2, 15 , 3, 14 , 4, 20 , 5, 13 , 6, 14 , 7, 15 , 8, 9 , 9, 11 , 9, 12 , 9, 13 
According to Lemma 3.1, above constructed trees T 1 , T 2 , T 3 and T 4 are CISTs on AQ 5 . Theorem 3.4. Let n ≥ 6 be an integer. There exist four completely independent spanning trees of which two are with diameter 2n − 3 and two are with diameter 2n − 5, in augmented cube AQ n .
Proof. By using above constructed four CISTs in AQ 5 and Corollary 3.3, we get four CISTs in AQ n for n ≥ 6. As we want vertices to be close together to avoid communication delays. So, we will concentrate on diameters of above trees. Above constructed trees T 1 , T 2 have diameters 8 and T 3 , T 4 have diameter 6 in AQ 5 . We first consider the construction of four CISTs in AQ 6 . It is sufficient to show the construction of only one tree. Consider tree T 1 of AQ 5 , having longest path of length 8 and central vertex 10000 (17) . Now, by prefixing 0 and 1 to this vertex we get central vertex of T 0 1 and T 1 1 respectively. Means, we select u 1 = 010000 ∈ V (T 0 1 ) and v 1 = 110000 ∈ V (T 1 1 ). Then, T 1 is CIST with diameter 9 on AQ 6 . Constructing in the similar manner we get T 2 , T 3 , T 4 CISTs with diameters 9, 7, 7 respectively on AQ 6 . Let AQ n+1 (n ≥ 6) be decomposed into two augmented cubes say AQ 0 n and AQ 1 n with vertex set say {x 0 i : 1 ≤ i ≤ 2 n } and
the CISTs with diameter 2n − 3, 2n − 3, 2n − 5, 2n − 5 respectively in AQ 0 n . Let the identical corresponding CISTs in AQ 1 n be denoted by T 1 1 , T 1 2 , T 1 3 , T 1 4 . Now, we will prove by induction that the diameters of T 1 , T 2 , T 3 , T 4 ) CISTs in AQ n+1 (n ≥ 6) are 2n − 1, 2n − 1, 2n − 3, 2n − 3 respectively. It is sufficient to prove result for a single tree say T 0 1 .
2n−2 be the longest path naturally of length 2n − 3 in tree T 0 1 . And
2n−2 be its corresponding path in corresponding tree T 1 1 . The vertex x 0 n is in the center of the path P 0 1 hence any vertex on tree T 0 1 will be within a distance n − 1 from the vertex x 0 n , means any vertex
(x 1 i , x 1 n ) ≤ n − 1. Now, consider tree say T 1 be a spanning tree of AQ n+1 constructed from T 0 1 and T 1 1 by adding an edge x 0 n , x 1 n ∈ E(AQ n+1 ) to connect two internal vertices x 0 n ∈ V (T 0 1 ) and x 1 n ∈ V (T 1 1 ). Then, T 1 is with diameter 2n − 1. As V (T 1 ) = V (T 0 1 ) ∪ V (T 1 1 ),
(x 1 n , x 1 j ) ≤ (n − 1) + 1 + (n − 1) = 2n − 1. Constructing in the similar manner we get T 2 , T 3 , T 4 CISTs with diameters 2n − 1, 2n − 3, 2n − 3 respectively on AQ n+1 .
Concluding remarks.
In this paper, we have proposed a construction of four CISTs in augmented cube AQ n (n ≥ 6) of which two trees with diameters 2n − 3 and two trees with diameters 2n − 5. Our results provide n − 1 CISTs in augmented cube AQ n (n = 3, 4, 5) and thus we pointed out that Hasunuma's conjecture does hold for AQ n when n = 3, 4, 5. As connectivity of augmented cubes is comparatively higher than other variants of hypercubes, an interesting problem is whether Hasunuma's conjecture is true for AQ n (n ≥ 6) if so then how to derive an algorithm that construct n − 1 CISTs in AQ n (n ≥ 6)?
